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INTERSECTIONS OF Q-DIVISORS
ON KONTSEVICH’S MODULI SPACE 11, (P", d)
AND ENUMERATIVE GEOMETRY

RAHUL PANDHARIPANDE

ABSTRACT. The theory of Q-Cartier divisors on the space of n-pointed, genus
0, stable maps to projective space is considered. Generators and Picard num-
bers are computed. A recursive algorithm computing all top intersection prod-
ucts of Q-divisors is established. As a corollary, an algorithm computing all
characteristic numbers of rational curves in P” is proven (including simple tan-
gency conditions). Computations of these characteristic numbers are carried
out in many examples. The degree of the 1-cuspidal rational locus in the linear
system of degree d plane curves is explicitly evaluated.

0. INTRODUCTION

Kontsevich has defined a new compactification of the space of maps from pointed
curves to a fixed projective variety X. Let M, (X, 3) denote Kontsevich’s compact
moduli space of stable maps from n-pointed, genus g curves to X representing the
homology class 0 € Ha(X,Z). The space of stable maps is best behaved when
the domain curve is of genus 0 and the target space is a homogeneous variety. In
[K-M], [K] the geometry of the space M (X, 3) is used to define Gromov-Witten
invariants and to determine an associative quantum cohomology ring of X. In this
paper, the geometry of divisors on M ,(P",d) is investigated. As a consequence,
a method is developed to calculate classical tangency characteristic numbers of
rational curves in projective space.

Let C be the field of complex numbers. Let (C,pi,...,pn) be a connected,
reduced, projective, (at worst) nodal curve over C with n nonsingular marked points
(p1,---,pn). Let we be the dualizing sheaf of C. An algebraic map

w:(Cop1,...,pn) — P"
is Kontsevich stable if we (p1+- - -+pn) @p* (Op- (3)) is ample on C. Let M, ,,(P", d)
be the coarse moduli space of degree d, Kontsevich stable maps from n-pointed,
genus g curves to P". In the genus zero case, Mo)n(]P’T, d) is an irreducible, projective
variety with finite quotient singularities. Only the following cases will be considered
here:
g=0, r>2, d>0.

The stack of Kontsevich stable maps was first defined in [K-M] and [K]. A treatment
of the corresponding coarse moduli spaces can also be found in [FP] and [Al].
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The dimension of M = Mg ,(P",d) is m = rd+d+7r+n—3. Let Pic(M) be the
Picard group of line bundles. Let A,,_1(M) be the Chow group of Weil divisors
modulo rational equivalence. Since M has finite quotient singularities, every Weil
divisor is Q-Cartier. Therefore, there is a canonical isomorphism:

(1) Pic(M)®Q = An1(M)® Q..

The first results of the paper concern the dimension and generation of Pic(M)® Q.
Via the isomorphism (1), Weil divisors determine elements of Pic(M) ® Q.

Let I = {1,2,...n} be the set of markings (I may be the empty set). The n
markings of the moduli problem yield n canonical line bundles £; = v (Opr(1)) on
M via the n evaluation maps Vi € I, v; : M — P". The boundary of M is the
locus corresponding to maps with reducible domain curves. Since the boundary is
of pure codimension 1 in M, each irreducible component is a Weil divisor. The
irreducible components of the boundary are in bijective correspondence with data
of weighted partitions (AU B,da,dg), where:

(i) AU B is a partition of I.

(ii) da+dp=d,da >0,dp > 0.

(iii) If d4a =0 (resp. dg = 0), then |A| > 2 (resp. |B| > 2).
For example, if I = (), then A = B = () and the boundary components correspond
to positive partitions d4 +dp = d. Let A be the set of components of the boundary.

In case d > 1, a Weil divisor is obtained on M by considering the locus of M
corresponding to maps meeting a fixed r— 2 dimensional linear subspace of P" (note
that > 2). Denote the corresponding class in Pic(M)® Q by H. For convenience,
let H =0 in case d = 0.

Theorem 1. Pic(M) ® Q is generated by the following elements:

(i) Ifg=0,r>2,d=0, then {£;} U/ generate Pic(M).
(i) Ifg=0,7>2,d>1, then {£;} UAU{H} generate Pic(M) ® Q.

If d = 0, then (by stability) n > 3 and Mg ,(P",0) = My, x P", where M,
is the (nonsingular) Mumford-Knudsen space. In this case, £; is the pull-back of
Opr (1) from the second factor. Therefore, part (i) is a consequence of the boundary
generation of Pic(My.,).

There is an intersection pairing A;(M) ® Pic(M) — Z. Let Null C Pic(M) be
the null space with respect to the intersection pairing. Define

Num (M) = Pic(M)/Null.

By Theorem (1), the classes {£;}UAU{H} generate Num(M)® Q. The relations
between these generators in Num(M) ® Q can be determined by calculating inter-
sections with curves. It will be shown that all the relations in Num(M) ® Q are
obtained from linear equivalences in Pic(M) ® Q.

Theorem 2. The canonical map Pic(M)®Q — Num(M)®Q is an isomorphism.
The Picard numbers are (g =0,r > 2,d > O)

(n=0), dimg Pic(FT) ©Q = [4] +

(n>1), dimg Pic(M)® Q= (d+ 1) 2n=t— (7).

The main result of this paper concerns the computation of top intersection prod-
ucts in Pic(M) ® Q.
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Theorem 3. Let g =0, r > 2, d > 0. There exists an explicit algorithm for cal-
culating the top dimensional intersection products of the Q-Cartier divisors {L;} U
ANU{H} on M.

Consider the space R(d,r) of degree d > 1 rational curves in P" (r > 2). The
dimension of R(d,r) is rd + r + d — 3. Classically, the characteristic numbers of
R(d,r) are the numbers of degree d rational curves in P" passing through «; general
linear spaces of codimension i (for 2 <4 < r) and tangent to 8 general hyperplanes,

where
s

> (i—1)-a;+ 3 =dim R(d,r).

i=2
The characteristic numbers of rational curves excluding tangencies (6 = 0) have
been determined recursively by both symplectic ([R-T]) and algebraic ([K-M])
methods. The divisor in M corresponding to the hyperplane tangency condition can
be expressed as a linear combination of the classes {£;} UA U{H}. The character-
istic numbers can then be expressed as top intersection products of {£;} UAU{H}
on suitably chosen Kontsevich spaces of maps M. Therefore, all the characteristic
numbers can be calculated by Theorem (3).

Theorem 4. There exists an explicit algorithm for calculating all the characteristic
numbers of rational curves in projective space.

P. Di Francesco and C. Itzykson have modified the methods of [K-M] to determine
some (8 # 0) characteristic numbers for rational plane curves ([D-I]). The relations
they obtain from the WDV V-associativity equations do not suffice to recursively
determine all the characteristic numbers for rational plane curves from a finite set
of data.

The structure of the paper is as follows. Theorems (1) and (2) are proven in
section (1). In section (2), several geometric classes are explicitly computed in
Pic(M) ® Q. These classes are used in the algorithms of Theorems (3) and (4).
The algorithms are established in section (3). Section (4) is devoted to calculations
of some characteristic numbers of rational curves for small values of (d,r). As a
final application, a new formula for cuspidal rational curves is derived in section
(4.5). Further computations in Pic(M)® Q involving the canonical class of M and
adjunction can be found in [P].

The problem of calculating tangency characteristic numbers via Kontsevich’s
moduli space was suggested to the author by W. Fulton. Conversations with W.
Fulton on related topics have been of significant aid. Thanks are due to S. Kleiman
and P. Aluffi for mathematical and historical remarks. The remarkable ideas in
[K-M] have been a source of inspiration.

1. Pic(M)® Q AND Num(M) ® Q

1.0. Summary. Theorems (1) and (2) are established in sections (1.1) and (1.2)
respectively. Since these results are well known for d = 0,

MOm(Pra 0) = HO,n X ]P)Ta

the conditions g = 0, r > 2, d > 1 are assumed throughout sections (1.1) and (1.2).
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1.1. Generators. The proof of Theorem (1) is divided into four cases depending
upon the number n of marked points.

Lemma 1.1.1. If n > 3, then Pic(M) ® Q is generated by AU {H}.

Proof. Let V = @y H°(P', Op:(d)). Let U C P(V) be the Zariski open set cor-
responding to a well defined (basepoint free) degree d map from P! to P". The
complement of U in P(V) is of codimension at least » > 2. There is a universal
map
P'x U — P,
Fix the first three marked points to be 0, 1, co € P. Let
W =P x--xP" \{D;;, Soi, S1i Sec,i},

where the product is taken over n — 3 factors. D; ; is the large diagonal determined
by factors ¢ and j. Sp; is the locus where the it" factor is 0 € P1. S1,i, Soc,i are
defined similarly. It follows there is a universal family of Kontsevich stable degree
d maps of n-pointed curves:

PlxWxU—P.

The maps of the family are automorphism-free and distinct. By the universal
property, there is an injection W x U — M. A tangent space calculation shows
that W x U is an open set of M. The complement of W x U is the boundary of
M. Hence A,,_1(M) is generated by A and A,,_1(W x U). Information about
Apm—1(W x U) is obtained from the open inclusion

(2) WxUCcCP! x...xPxP(V).

The Picard group of the right side of (2) is generated by the pull-backs of O(1)
from each factor. The pull-backs from the P! factors are trivial on W x U because
of the removal of the loci Sp ;. Hence, A, —1(W x U) is generated by Op(y(1). Tt is
easily seen that H restricted to W x U is the pull-back of a resultant hypersurface
in P(V). Therefore, H restricted to W x U is linearly equivalent to a multiple of

Op (1) O

There are canonical morphisms Mg, (P",d) — Mg_,—1(P",d) obtained by omit-
ting the last marked point and possibly contracting. Results for 0 < n < 2 are
obtained via these morphisms.

Lemma 1.1.2. If n =2, then Pic(M) ® Q is generated by AU {Ly,Ls}.

Proof. Let N = Mg 3(P",d) and M = Mg »(P",d). Fix a hyperplane H3 C P". Let
X = 1/3_1(H3), where v3 is the third evaluation map, vs : N — P". There is a map
p: X — M obtained by omitting the third point (and possibly contracting). The
map p is surjective and generically finite. Let Z C M be the open set corresponding
to Kontsevich stable maps satisfying the following conditions:

(i.) The domain curve is P!.

(ii.) The images of the marked points {1, 2} do not lie in Hs.
It is clear that the complement of Z is the boundary union v; *(Hs), vy '(Hz). By
the definition of Z, p~1(Z) — Z is a finite, projective morphism. If A,,_1(p~1(2))
=0, then A,,_1(Z) is torsion. To establish the lemma, it therefore suffices to prove
that A,,_1(p~1(2)) = 0.
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In the notation of the proof of Lemma (1.1.1), p~(Z) C U C My 3(P",d). In
fact, the following is easily seen:

p~(Z) = UnNLeo(Hs) \ {Lo(Hz),L1(Hz)}.

L,(Hs) is the hyperplane in U corresponding to maps sending the point p € P! to
Hs. U N Lo (Hs) is an open set of Lo (Hs) with complement of codimension at
least 2. Hence, A,,_1(U N Lo(Hs)) = Z, generated by the hyperplane class. Since
p~Y(Z) C UnN Lo(Hs) is the complement of hyperplanes, the desired conclusion
Ap—1(p~1(Z)) = 0 is obtained. |

Lemma 1.1.3. If n =1, then Pic(M) ® Q is generated by AU {Ly, H}.

Proof. Let N = Mg 3(P",d) and M = Mg 1(P",d). Fix two hyperplanes Hy, Hy C
P, Let X = vy '(Hs) Nvy ' (Hs), where v, 13 are the second and third evaluation
maps on N. There is a map p : X — M obtained by omitting the second and third
points. The map p is surjective and generically finite. Let Z C M be the open set
corresponding to Kontsevich stable maps satisfying the following conditions:

(i) The domain curve is PL.
(ii) The image of the marked point {1} does not lie in Hs U Hs.
(iii) The map does not pass through the intersection Ho N Hs.

The complement of Z is the boundary union Vl_l(Hg), Vl_l(H3), and Dg 3. Dy 3 is
the Weil divisor of maps passing through HoNHs. Dy 3 is a divisor rationally equiv-
alent to H. By the definition of Z, p~!(Z) — Z is a finite, projective morphism.
As before, it suffices to prove that A, 1(p=1(Z)) = 0.

Let S C U C Mo3(P",d) be the union of the hyperplane sections {Lo(Hz),
Lo(H3)} with the resultant hypersurface of maps meeting Ho N Hs. Conditions (i),
(ii), and (iii) imply that

p N(Z)= UNLi(Hy) N Loo(Hs3) \ S.

As before, A,,—1(U N Li(Hy) N Loo(Hs)) = Z, generated by the hyperplane class.
S is a union of hyperplane classes and multiples of hyperplane classes. Hence,
Am-1(p1(2)) = 0. O

Lemma 1.1.4. If n =0, then Pic(M) ® Q is generated by A\ U {H}.

Proof. Let N = Mg 3(P",d) and M = Moo(P",d). Fix three general hyperplanes
Hy,Hy,Hs C P". Let X = vy '(Hy) Ny ' (Hs) Nvy ' (Hs), where the v; are eval-
uation maps on N. There is a map p : X — M obtained by omitting the marked
points. The map p is surjective and generically finite. Let Z C M be the open set

corresponding to Kontsevich stable maps satisfying the following conditions:

(i) The domain curve is P

(ii) The map does not pass through the intersections HyNHy, H;NHs, or HoNHs.
The complement of Z is the boundary union Dy 2, D; 3, and Dy 3. By the definition
of Z, p~Y(Z) — Z is a finite, projective morphism. As before, it suffices to prove
that A,,_1(p~1(2)) = 0.

Let S C U C Mg3(P",d) be the union of the three resultant hypersurfaces of
maps meeting H1 N He, Hy N Hs, and Hy N Hs. Let I C U be the hyperplane
intersection defined by I = U N Lo(H1)NL1(H2) N Lo (Hs). Conditions (i) and (ii)
imply that

pN(Z)=1)\ SNI.
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Note that S N I contains the intersections of the following hyperlanes with I:
{Lo(H2), Lo(H3), L1(H1), L1(H3), Loo(H1), Loo(H2)}-

As before, A,,—1(U NI) = Z, generated by the hyperplane class. Since SN 1T is a

union of hyperplane classes and multiples of hyperplane classes, A,,_1(p~*(Z)) =
0.

Lemmas (1.1.1) - (1.1.4) yield Theorem (1).

1.2. Relations. Curves in M = M, (P",d) are easily found. The following con-
struction will be required for the calculations below. Let C be a nonsingular,
projective curve. Let 7 : S = P! x C — C. Select n sections si,...,s, of 7. A
point = € S is an intersection point if two or more sections contain z. Let N be a
line bundle on S of type (d, k), where k is very large. Let 2z, € HO(S,N) (0 <1 <)
determine a rational map p : S --» P" with simple base points. A point y € S is
a simple base point of degree 1 < e < d if the blow-up of S at y resolves u locally
at y and the resulting map is of degree e on the exceptional divisor E,. The set
of special points of S is the union of the intersection points and the simple base
points. Three conditions are required:

(1) There is at most one special point in each fiber of 7.
(2) The sections through each intersection point x have distinct tangent directions
at x.
(3) (i) d =0. No n — 1 sections pass through a point = € S.
(ii) d > 0. If at least n — 1 sections pass through a point 2 € S, then z is not
a simple base point of degree d.
Condition (3.ii) implies there are no simple base points of degree d if n = 0 or 1.
Let S be the blow-up of S at the special points. It is easily seen that 7z : S — P"
is a Kontsevich stable family of n-pointed, genus 0 curves over C. Condition (2)
ensures that the strict transforms of the sections are disjoint. Condition (3) implies
Kontsevich stability. There is a canonical morphism C' — M. Condition (1) implies
C intersects the boundary components transversally.

Lemma 1.2.1. The following independence results hold for the elements {H, L,
EQ}.’

(i) The element H is not contained in the linear span of A\ in Pic(M) ® Q.

(i) If n =1, then {H, L1} are independent modulo .

(iii) If n = 2, then {L1, L2} are independent modulo /.

Proof. Consider 7 : S = P! x C — C with n trivial sections. There are no intersec-
tion points. Let N, z; € H°(S, ) be such that u has no base points (note: since
r > 2, this is easily accomplished). N has degree type (d, k). For each component
Kc A, C-K=0. A simple calculation yields C - H = N - N = 2dk. Hence H is
not contained in the span of A.

Consider 7 : S = P! x P! — P!, Let s be the trivial section; let s’ be the diagonal
section. Let u: S — P" be a base point free map of type (d, k). The two sections
s, 8" determine two maps 7,7’ : P! — Mg 1(P", d). Intersection via 7 yields

P'-H =2dk, P'-L;=k.
Intersection via 7’ yields

P! H =2dk, P'- L, =d+ k.
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In both cases P1- K = 0 for any K € /. Therefore {H, L1} are independent modulo
A in Pic(M) ® Q for n = 1.
In the n = 2 case, twisted families must be considered. Let E(a,b) be the rank
two bundle Op1(a) ® Op: (b) over PL. Let S(a,b) = P(E(a,b)). Let
N = Op(g)(d) @ 7 (Opa (K)).
For large k, let p: S(a,b) — P" be a base point free map. The sub-bundles O(a),

O(b) define sections s; and sp. There is an induced map P' — Mg o(P",d). A
calculation yields

P Ly =—ad+Fk, P'-Lo=—bd+k.

As before, P1 - K = 0 for any K € A. It follows that {£1,£>} are independent
modulo A in ch( )®Q for n = 2. O

If n > 1, let A; C A be the subset of boundary components (AU B, d4,dp) with
marking partition |A| 4+ |B| = n equal to the partition i + (n — i) = n. There is a
disjoint union

(5]
= U A
i=0
Let A=A \ (AO U Al)
Lemma 1.2.2. The independence of Ng, /N1 is established by the following results.

(i) Ifn =0, then Lo = A is a set of linearly independent elements of Pic(M)®Q.

(ii) If n = 1, then Ng = L1 = A is a set of linearly independent elements of
Pic(M)® Q.

(i) Ifn > 2, then NgUA\ is a set of linearly independent elements ofPic(_)®Q
Moreover, the span of NgU/\1 does not intersect the span of A in Pic(M)®Q.

Proof. Let m: S = P! x C — C be as above with n trivial sections. Let A be a line
bundle on S of degree type (d, k). For large degrees k, the simple base points of
w of degree 1 < e < d can be selected arbitrarily satisfying conditions (1) and (3).
For suitable choices of simple base points and base point degrees on S, the classes
in assertions (i-iii) can be seen to be independent in Num(M) ® Q. Therefore, the
classes are independent in Pic(M) ® Q. (]

In case n = 0, AU{H} is a basis of Pic(M)® Q via Lemmas (1.1.4), (1.2.1), and
(1.2.2). For 1 <n <3, AgUA; = A. Hence, the lemmas show that the generators
of section (1.1) are also bases for 1 < n < 3. The Picard numbers of Theorem (2)
can be verified for 0 < n < 3.

Forn > 4, let Mo,n be the Mumford-Knudsen moduli space of n-pointed, genus 0
curves. The boundary components of Wom correspond bijectively to partitions AU
Bof P=1{1,2,...,n} such that |A|,|B| > 2. The boundary components generate
Pz’c(ﬂo n)- The three boundary components of M 0,4 are linearly equivalent. A four
element subset @ C P induce a natural map M, 0,n — M, .@- The pull-backs of the
basic boundary linear equivalences on M, 0,0 induce boundary linear equivalences
on Mo,n- The relations among the boundary components of Mom are generated
by these pull-back linear equivalences as () varies among all four element subsets
of P. Pic(My,) is a free group of rank

on—1 _ (n; 1) —n.



1488 RAHUL PANDHARIPANDE

Since there are
2" —2-2n
5 =

boundary components of Mg, it follows there are (

ol _1-n

n—1
2
among the boundary components. Finally, Pic(Mg,,) = Num(My.,). See [Ke] for

proofs of these results.

Let n > 4. There is a canonical morphism 7 : M = Mo,n(]P’T, d) — Mo,n- The n
pull-back of a boundary component of Wom is a non-empty, multiplicity-free sum
of boundary components A’ of M:

1 ((AUB)) = Y  (AUB,da,dp).
da+dp=d

) — 1 independent relations

Lemma 1.2.3. The relations among the boundary components A" in Pic(M) ® Q
are the n pull-backs of the relations among the boundary components of Mgy, .

Proof. Let m: S = P! x C — C be a family with n sections. Let p : S --» P” be
a rational map with simple base points obtained from a line bundle of degree type
(d, k). Suppose the special points satisfy (1), (2), and

(3’) An intersection point lies on at most n — 2 sections.
(4) Every simple base point is an intersection point.

Note that condition (3’) implies condition (3). For large k, the simple base points
may be selected arbitrarily (with arbitrary degree) among the intersection points.
Let S be the blow-up of S at the special points; let A : C — M be the induced
curve. By condition (3'), the family S — C with the strict transforms of the
sections is a flat family of stable, n-pointed, genus 0 curves. The induced morphism
v:C — My, is simply v = 7o \.

Suppose > e ns cx K =0 is a relation in Pic(M) ® Q (cp € Q). Let

K= (AUB,da,dg) € N

Let (AU B) be the corresponding boundary component of Mom. The set theoretic
intersection C' - K is the subset of C' - (A U B) with simple base points of the
correct degree. Since the simple base points can be assigned arbitrary degrees, the
coefficient cx must depend only on the partition (A U B) and not on the weights
da,dp. It now follows that the relation ZKGA, cx - K = 0 must be the ) pull-back

of a boundary relation in Ho,n- (|
In particular, it follows that there are (”;1) — 1 independent relations among
the boundary components A’. For n > 4,
|A|=d+dn+ |4,
|A [ =(d+1)- (2" —1—n).
By Lemmas (1.1.1), (1.2.1), (1.2.2), (1.2.3), the Picard number of M (n > 4) is

dim Pic(M)®Q = (d+1)-2"" — (Z)

All the numerical relations are obtained from linear equivalences. The proof of
Theorem (2) is complete.
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2. COMPUTATIONS IN Pic(M) ® Q

2.1. The Universal Curve and m.(c; (wr)?). Classes of certain canonical ele-
ments in Pic(M) ® Q will be computed via intersections with curves. These com-
putations will be used in the proof of Theorem (3). In order to use the coarse

moduli space throughout, an automorphism result is required.

Lemma 2.1.1. Let g =0, r > 2, d > 0. The locus of Kontsevich stable maps in
Mo (P, d) with nontrivial automorphisms is of codimension at least 2 except in
one case: Mg o(P?,2).

Proof. The assertion follows from naive dimension estimates. If d = 0 or 1, there
are no stable maps with nontrivial automorphisms. Let M = Mg ,(P",d) (d >
2,7 > 2). Recall that dim M = rd +d +r +n — 3. Certainly the generic elements
of the boundary components are automorphism-free. Let A C M be the locus of
non-boundary, stable maps with nontrivial automorphisms. If a map yu : P' — P"
with n distinct marked points has a nontrivial automorphism, g must be a k > 2
to 1 map, for some k£ > 2. For fixed 2 < k < d, the map p moves in a family of
dimension at most

1
&+&%(%+D—1—3+2(k+n—1—3:Od+@~g+r—3+2k—2

The n marked points must be fixed points of the nontrivial automorphism and
hence move in a zero dimensional family for each u. A calculation yields

— 1
dim M —dim A > (rd+d)-(1—E)—|-n—2k—|—2

rd + d + 2k?
—

A study of the function (rd + d + 2k?)/k for 2 < k < d shows that the maximum
value must be attained at the end points k = 2,d. If kK = 2, then

= rd+d+n+2-—

rd+d—rd+72d+8 :(r+1)g—420
except when r = 2, d = 2. If K = d, then
rd—f—d—wz (r—1)(d-1-2>0
except when r = 2, d = 2. Hence, A is of codimension at least 2 all cases except
Mo o(P2,2). |

Since M o(IP?,2) is isomorphic to the space of complete conics (see [FP]), its
intersection theory is well known. In the sequel, it will be assumed that (g, n,r, d) #
(0,0,2,2). Let M" c M denote the automorphism-free locus. There is a universal
Kontsevich stable family of maps over M :

7. UM
with sections s1,82...,8, and a morphism

w:U" — P
See [FP] for details. Let w, be the relative dualizing sheaf of 7. Since the com-
plement of M is of codimension at least 2 in M, the following are well-defined
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elements of A,,,_1(M) and therefore of Pic(M) ® Q:
3) me(er(wn)?), me(s7).

Since Pic(M) ® Q = Num(M) ® Q, explicit expressions of the classes (3) in terms
of the generators {£;} UAU{H} can be found by calculating intersection products
with curves in M. The methods of section (1.2) will be used to determine curves
in M. First consider . (c1(wx)?):

Lemma 2.1.2. Forg=0,r>2,d >0,
me(c1(wr)?) = — Z K in Pic(M)® Q.

KeA

Proof. Let w:.S — C be a projective bundle of rank 1 over a nonsingular curve C.
Let w; be the relative dualizing sheaf. A simple computation yields

me(c1(wr)?) =0

in Num(C). Let p: S — S be the blow-up at k points in distinct fibers of 7. Let
7 : S — C be the composition. Then

k
Wwr = P*(ww) + ZEZ'7
=1

where the F; are the exceptional divisors of p. Hence,
(e (we)?) = —k

in Num(C). By considering curves C —>_M* and the pull-back of U*, it follows
that 7, (c1(wr)?) = =Y gen K in Num(M) ® Q. By Theorem (2), the lemma is
proven. O

2.2. The Class m,(s?). The determination of the class 7. (s?) is surprisingly dif-
ferent in the cases d = 0 and d > 1. If d = 0, it suffices to determine 7, (s?) for the
universal family over My,,. Let A be the set of boundary components of Mg.,.
There is a partition of A with respect to the first marking. For 2 < j <n — 2, let
A} C A be defined by:

(AUB)€ A} if andonly if 1€ A4, |[A]=j.

There is a disjoint union

n—2
1
A=)
j=2

Lemma 2.2.1. The class 7.(s?) is expressed in Pic(Mg,,) ® Q by

(4) ﬂ*(S%)Z—(n%I).7§<";]’>K}.

2 j=2

Proof. The proof is by intersections with curves in Mg ,. Let S = P! xC be a family
with n sections s1, ... ,s,. Let s1 be of degree type (1,¢). For 2 <1i < n, let s; be
of type (1,p;). As usual, assume the blow-up S up of S at the intersection points
yields a family of stable, n-pointed curves over C' with at most one exceptional
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divisor in each fiber. Let A : C — Mom be the induced map. It will be checked
that the left and right sides of (4) have the same intersection with C.

A point of C - K Jl can arise in exactly two cases. First, an intersection point
of j sections including s; can be blown-up. Second, an intersection point of n — j
sections not including s; can be blown-up. Let

C- Kjl =y + Yj-

where z, y; are the number of instances of the first and second cases respectively.
Let 51 be the strict transform of s; in S. The intersection of C' with the left side

of (4) is
n—2
(51 =20 ) _ ;.
=2

For 2 < i < n, s; intersects s; in ¢ + p; points. The following equation is easily
obtained by analyzing intersection points contained in si:

n—2

(5) n—1q+2pz—21—1)%

j=2

Similarly, the number of intersections of the sections 2 < ¢ < n among themselves
is (n—2)- Y., pi. Analysis of intersection points not contained in s; yields

©) <n—2>-gpi:§(j;1)wj+ ("5 )

Via equations (5) and (6),
n—2
—1
(") ea- o
j=2

S (w20 (5 ()5 (5w

= "2_:22( ;j)(xj+yj)-

Hence both sides of equation (4) have the same intersection numbers with C. Let D
be any nonsingular curve in My, which intersects the boundary transversely. The
universal family over D can be blown-down to a projective bundle 7 : T'— D. The
above calculation covers the case where T = P! x D. The general case (in which
T is any P'-bundle) is identical. Since A'(My.,) is spanned by curves meeting the
boundary transversely and

PiC(Mo,n) ® Q = Num(MO,n) ® @7
Lemma (2.2.1) is proved. O

Consider now the case d > 1. Let M = Moﬂn(]P’T,d), where d > 1, n > 1. Let
1 be the first marking. There is another partition of A with respect to the first
marking depending upon the degree. For 0 < j < d, let A"/ C A be defined by

(AUB,da,dp) € AY if and only if 1€ A, dg =j.
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Note that if n = 1, then AV, ALY = . If n = 2, AM4 = (. In all other cases
ALI £ (). There is a disjoint union

d
A=[]al.
j=0

Let Kl“j = ZKeAl,j K Let Kl“j =0 1f Al’j = Q)

Lemma 2.2.2. In case d > 1, the class m.(s?) is expressed in Pic(M) ® Q by
d .
1 2 (d—j)? ,
2 _ Z 1,
(7) W*(Sl)——ﬁH—F Eﬁl—j:OTK J.

Proof. The proof is by intersections with curves in M. Let 7 : S = P! x C' — C be
a family with n sections si, ... ,s,. Let s1 be of degree type (1,q). Let p: S --+ P"
be a rational map with simple base points obtained from a line bundle of degree
type (d, k). Let conditions (1), (2), (3'), (4) of section (1.2) be satisfied. Let S — S
be the blow-up at the special points. Let A : C' — M be the induced map. It will be
checked that the left and right sides of (7) have the same intersection with C. As
in the proof of Lemma (2.2.1), the case in which S — C is a nontrivial P!-bundle
must be checked. The algebra for this more general case is similar and yields the
same result.

A point of C' - K can arise in exactly two cases. First, a simple base point of
degree j contained in s; can be blown-up. Second, a simple base point of degree
d — j not contained in s; can be blown-up. Let

C- K% = i +Yj,
where z, y; are the number of instances of the first and second cases respectively.

Let 51 be the strict transform of the section s; to S. The intersection of C' with
the left side of (7) is given by

d
7. (32) = 2¢ — ij.
j=0
A straightforward computation yields
d d
C-H=2dk—)Y j’x; =Y (d—j)y;,

7=0 7=0

d
C-Ly=dqg+k= jz;.
7=0

The equality of the intersection of C' with the left and right sides of (7) is now a
matter of simple algebra. O

2.3. The Class 7. Let M = Mo7n(P’”,d), d > 2. Let H C P" be a hyperplane.
A tangency Weil divisor 7 C M is defined as follows. Let Wy C M o(P",d) be
the open locus of maps u : C — P”, where p~1(H) is a subscheme of d reduced
points of Cronsing. Let p: M — MO_,O(]P’T, d) be the contraction map. Let 7y be
the complement of p~1(Wpg).
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It must be shown that 7x is of pure codimension 1 in M. Let My € M be the
open locus of maps p : C — P satisfying

Ve e p '(H), z¢€ Chronsing and dug # 0.

The intersection 7y N My corresponds to geometric tangencies and is certainly of
pure codimension 1 in My (d > 2). The complement M\M 1 1s of codimension 2 in
M. Tt is not hard to see that the closure of Ty N My in M contains the complement
M \ My. Therefore, Ty is a Weil divisor.

For 0 < j < [4], define A7 C A as follows. A boundary component (A4 U
B,da,dp) € AJ if and only if the degree partition d4 +dp = d equals the partition
jHd—j)=d Let KV =%, ;K.

Lemma 2.3.1. The class of T can be expressed in Pic(M) ® Q by

(5]

(®) R A=)
j=0

Proof. Let S, i, S, A : C — M be exactly as in the proof of Lemma (2.2.2). Tt will
be checked that the left and right sides of (8) have the same intersection with C. As
in the proof of Lemma (2.2.1), the case in which S — C is a nontrivial P!-bundle
must be checked. The algebra for this more general case is similar and yields the
same result.

As before, a point of the intersection C' - K7 can arise in two cases. A simple
point of degree j or d — j can be blown-up. Let

C-szl'j—f—yj,

where z; and y; are the number instances of the first and second case respectively.
Let E.; be the union of the z; exceptional divisors in S obtained from the x; points
of C- K7. Let E,, be defined similarly.

First, the intersection C -7 is calculated. A general element of ©*(Op(1)) is a
nonsingular curve D in the linear series (d, k) —>_; jEx; —>_,;(d—j)Ey;. Adjunction
yields

(5] (8]
29p — 2 =d(2gc — 2) +2dk — 2k = > _j(i —V)a; — Y (d—j)(d—j— 1)y,
§=0 §=0
Since D is a d sheeted cover of C, the Riemann-Hurwitz formula determines the
ramifications:
(5]
C-T =2dk—2k—» j(j— Dz +(d—j)(d—j— Ly,
j=0
C - 'H is simply D2. Hence
(5]
C-H=2dk—Y_ j*x;+(d—j)y;.
§=0
Again, an algebraic computation yields the equality of the intersections of the left
and right sides with C. O
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3. INTERSECTIONS OF (Q-DIVISORS

3.1. Intersections of the Classes {£;} U{H}. The top dimensional intersection
products on M = Mg ,(P",d) of the classes {£;} are algorithmically determined
by the First Reconstruction Theorem [K-M]. These top classes are computed re-
cursively in d and n. The algorithm requires one initial value: the number of lines
in P" through two points. The top intersection products of {L£;} are exactly the
characteristic numbers (8 = 0) of rational curves in P".

Top dimensional intersections of the classes {L£;} U {H} are also characteristic
numbers of rational curves in P". Each factor of H is a codimension-1 characteristic
condition. For example, if M = M o(P?,3), then H® equals the number of rational
plane cubics through 8 general points. If M = Mg o(P?,4), then ¢(£1)3-¢(L2)? - H!?
equals the number of rational space quartics passing through 2 general points and
meeting 12 general lines. In sections (3.2)-(3.3), a method of computing all top
intersection products in Pic(M) ® Q is determined. In section (3.4), the relation
to enumerative geometry is proven.

3.2. Boundary Components. Let K = (AU B,d4,dg) be a boundary compo-
nent of Mo, (P",d). Let My = Mo a+1(P",da) and Mp = Mo, p+1(P",dp).
Let the additional markings be p4 and pp respectively. Let ey : M4 — P and
ep : M — P" be the evaluation maps obtained from the markings p4 and pp. Let
Ta, T be the projections from M 4 x M g to the first and second factors respectively.
Let K = M 4 xpr M g be the fiber product with respect to the evaluation maps e,
ep. K C Ma xc Mg is the closed subvariety (e xceg)~ ' (D), where D C P" x P"
is the diagonal. K is easily seen to be an irreducible, normal, projective variety
with finite quotient singularities. These results follow, for example, from the local
construction given in [FP]. The class of K in M4 x Mp can be computed by the
pull-back of the Kiinneth decomposition of the diagonal in P x P":

9) (K] =) 7h(ca(La)) - Thlea(Ls) ™),
=0

where £ 4, Lp are the line bundles on M 4, M g induced by the marking pa, pgs.

There is a natural map ¢ : K — K. The set theoretic description of v is
clear: ¥ ([pal], [#B]) is the moduli point of the map obtained by gluing maps p4,
pp along the markings pa, pp. It is not hard to define ¢ algebraically. v is a
birational morphism except when n = 0 and dy = dg = d/2. In the latter case, ¥
is generically 2-1.

The pull-backs of the classes {£;} U A U{H} on M to K are determined in the
following manner. Let H4, Hp be the codimension-2 plane incidence classes on
M4, Mp. Clearly,

(10) V' (H) = (tTa(Ha) + 75(HB)) |-
Let P be the marking set of M. Each i € P is either in A or B. It follows that
(11) V(L) =TA(L) |, ¥7(Li) =75(L:) |

in case i € A, i € B respectively. L
Let T = (A’ U B’,das,dp’) be a boundary component of M not equal to K. T
intersects K exactly when one of the following two conditions holds:
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(i) There exist a subset C' C A and an integer d¢ such that
(A\NCYU(BUC),ds —dc,dg +dc) =T.
(ii) There exist a subset C' C B and an integer d¢ such that
(AuC)u(B\C),da +dc,dp —dc) =T

The pull-back ¥*(T) has the following expression:

(12) GH(T) =D TA(AU(CU{pa}).da,do) |
C.d,
+ Z T5(BU(CU{pg}).ds,dc) |-
C.d.

The sums on the right are taken over subsets C' and degrees d. that satisfy (i) and
(ii) above, respectively. The main point is that distinct boundary divisors have
transverse (if nonempty) intersections in the stack Mo, (P",d) ([K]). This can be
seen as a property inherited from the Mumford-Knudsen space Mo,m by the local
construction given in [FP]. Since the automorphism loci of Mg, (P",d) and the
boundary component (AU B,d4,dp) are of codimension at least two in Wom and
in (AUB, d4,dpg) respectively, the transverse intersection property descends to the
coarse moduli space.

Let WrA, WrB denote the relative dualizing sheaves of the universal famlhes over
My, My respectively. There are two universal curves over K* = K N (M4 x Mp)
obtained via pull-back of the universal families U} and U%. These universal curves
glue on the sections s,4 and s,p to form a universal family

#:UL, — K*
of maps for the moduli problem of M. It follows that

E3
wur, lrsws) = Ta(wra) + spa,

wur, |T;;(U;;,) = 7p(wrB) + SpB-

Hence
P (m(er(wn)?)) = Th(mas ((c1(wra) + 5pa)?)) + 75 (T8« ((e1 (wrB) + 5pB)7))-
A normal bundle calculation yields ¢i(wxa) - Spa = —sg 4~ Hence,

(c1(wra) +5pa)? = ex(wea)? — 524
(similarly for B). Recall that 7. (c1(wr)?) = — > pea 7. Finally,
(13) N )= Y WD) 4 Th(mad(e(wna)® — spa))

TEAT#AK

+ m(mp.(c1(wnB)® — 5pp))-

Lemmas (2.1.2), (2.2.1), and (2.2.2) express ma«(c1(wra)?), Tax(s5,4) explicitly in
terms of the standard classes {£;} U A U {H} on M4 (similarly for Mp). Via
equations (10) - (13), the ¢ pull-back of every standard class {£;} U A U {H} on

M has now been expressed as the restriction to K of a linear combination of the
74 and 75 pull-backs of standard classes on M 4 and M 5.
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3.3. The Algorithm. The inductive algorithm for computing top intersection
products is now clear. All top monomials in the elements {£;} U{H} are known by
the First Reconstruction Theorem. If a monomial product on M includes a bound-
ary class K, the intersection is carried out on K. By the above formulas (9)-(13),
the desired monomial can be expressed as a sum of top products of standard classes
on M 4 and M g. Since M 4 is of lesser degree or of lesser marking number than M
(similarly for M p), the inductive process terminates.

3.4. Characteristic Numbers. Lemma (2.3.1) expresses the hyperplane tan-
gency condition in terms of the standard classes. Hence all top products of the
classes {L£;} U{H, T} can be effectively computed by the above algorithm.

It remains to check the top intersections of {L£;} U {H, 7} are the characteristic
numbers of rational curves. Let

(14) (L) e (L) - HY TP

be a top product on M = M, (P",d). Since the £; are pull-backs of Op-(1) via
the evaluation maps, codimension /; linear spaces of P" determine representatives
of ¢1(L£;)". The cycle H® is determined by a codimension 2 linear spaces in PT.
Finally, the cycle 77 is determined by 3 hyperplanes in P". When 3 # 0, it is
assumed that d > 2. The first step is to show that, for general choices of all
the linear spaces of P” in question, the intersection cycle (14) in M is at most 0
dimensional and corresponds (set theoretically) to the correct geometric locus. The
second step is to show that the intersection cycle is multiplicity free.

Let P™* be the parameter space of hyperplanes in P". Define the universal
tangency subvariety

%niv C H x P

as follows. Let Wynis C M x P™ be the open locus of pairs (w:C — P H)
where p~1(H) is a subscheme of d reduced points of Cronsing. Let Tuniv be the
complement of W,;,,. Let Ty be the the fiber of 7y, over the parameter point of
the hyperplane H. 7y is exactly the tangency Weil divisor defined in section (2).
Similarly, let

Honiv C M x G(P"2P")

be the universal codimension 2 plane incidence subvariety. The fiber of H 4, Over
the parameter point of the codimension 2 plane P is Hp. Let
Liniv CM x G(r —11,7) X -+ X G(r —lp,7) x G(r—2,7) x - xG(r —2,7)

X P™* x ... x P™*

be the universal intersection cycle (14) defined by the universal divisors Ty, Huniv
and the evaluation maps. Ini, is a closed subvariety.
In the first step, slightly more than the dimensionality of the general intersection
cycle will be established. A map p : C' — P is simply tangent to a hyperplane H if
(1) M_l(H) - Cnonsinga and
(i) as a subscheme, u~!(H) consists of 1 double and d — 2 reduced points.

A map p: C — P" has simple intersection with a codimension 2 plane P if

(i) u=Y(P) consists of 1 point x € Chonsing, and
(ii) Im(du(z)) and the tangent space of P span maximal rank.
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Lemma 3.4.1. For general choices of linear spaces
(15) Ly,...,L,, P,...,Py, Hi,... Hg

the intersection cycle (14) is at most 0 dimensional and set theoretically corresponds
to maps p: C — P" satisfying:

(1) C =P, u is an immersion/embedding (r =2 /r > 3).

(2) Yk, p is simply tangent to the hyperplanes Hy,.

(3) V4, u intersects the linear spaces P; simply.

(4) Vi, the p-image of the it" marked point lies in L;.

Proof. The intersection cycle I determined by the linear spaces (15) is the fiber
of Iniy over the parameter points of the linear spaces. dim(I) < 0 is an open
condition in the parameter space. It is first checked that general choice of the
linear spaces (15) yields an intersection cycle of dimension at most 0.

Let [u] € M be the moduli point of amap y : C — P". By Bertini’s Theorem, the
general hyperplane H is transverse to . Therefore, the general tangency divisor 7y
satisfies [p] ¢ 7. Similarly, the general incidence divisor Hp satisfies [u] ¢ Hp. By
choosing at each stage tangency and incidence divisors that reduce the dimension
of every component of the intersection, we see that

leﬁ...ﬂHPaﬁTHlﬂ...ﬁTHﬁ

has codimension at least a+ (. Since the remaining intersections are obtained from
basepoint free linear series, the general intersection cycle has dimension at most 0.

If the general parameter point yields an empty cycle I, there is nothing more
to prove. Let W be the open set of the parameter space where dim(I) = 0. The
conditions (1-3) on I determine open sets Wi, Wo, W3 C W. Condition (4) is
automatic. It suffices to show W; is nonempty for 1 <¢ < 3.

The subset Y C M of maps that are not immersion/embedding (r =2 / r > 3)
is of codimension at least 1. Hence, by the dimension reduction argument above,
Y NI = () for a general parameter point. Therefore, W7 # ().

Let Wa, W3 ; C W be the set of parameter points that satisfy condition (2),
(3) for the hyperplane Hy, linear space P; respectively. Since Wy = ﬂgzl Wa i, and
W3 = ﬂ?:l W3, ;, it suffices to show that Wa i, W3 ; # (0. Let Hj, be any hyperplane.
The locus of moduli points [u] € Ty, that are not simply tangent is of codimension
at least 2 in M. By the dimension reduction argument, Wo; # ). Similarly, the
locus of moduli points [i] € Hp, that do not intersect simply is of codimension at
least 2 in M. As before, W3 ; # (. O

It must now be shown that the intersection cycle (14) is reduced for general
linear spaces. This transversality is established by Kleiman’s Bertini Theorem.
Unfortunately, since the divisors 7y, Hp need not move linearly, Bertini’s Theorem
cannot be directly applied to M. Instead, an auxiliary construction is undertaken.
Kleiman’s Bertini Theorem is applied to the universal curve over M. It will be
shown that suitable transversality on the universal curve implies transversality on
M.

Let 3" C D1 be the open set of immersed/embedded (r =2 /r > 3) maps with
irreducible domains. Since (for general linear spaces) the intersection cycle (14)

lies in M, transversality need only be established in M ’ Note that M is in the
. 0 .
automorphism-free locus. Let U — M be the universal curve. Let p: U — P" be
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the universal map. U and M are nonsingular. Let PT be the projective tangent
bundle of P". Since each point of m’ corresponds to an immersion/embedding,
there is a natural algebraic map v : U — PT given by the differential of pu. The
map v is a lifting of p.

By projectivizing tangent spaces, the hyperplanes Hy, ... , Hg define nonsingu-
lar, codimension 2 subvarieties of PT"
PH,,... ,PHpg
Let Uy,...,Ug be [ copies of the universal curve U. Let Uj,...,U/ be o more

copies of U. Define the product
X;U{ X0 - - X370 U(; X 30 Uq X0 -+« X370 Uﬁ.

Let ,ug» : X — P", vy : X — PT be the maps obtained by projection onto Uj’-, Uy
and composition with u, v respectively.

Kleiman’s Bertini Theorem may now be applied. The group GL,1(C) acts
transitively on P” and on PT'. Hence, the general intersection

py NPy N0l TH(Pa) N H(PHY) NNy (PHg) C X

is nonsingular and of the correct codimension (if nonempty).

It remains to obtain the corresponding result on M. Consider the nonsingular,
codimension 2 subvariety p~*(P;) C U. The projection p~!(P;) — Hp, N M s
étale and 1-1 over the locus of maps meeting P; simply. Similarly, the projection
v~ YPHy) — Ty, N M is étale and 1-1 over the the locus of maps simply tangent
to Hi. From Lemma (3.4.2) below, the projection

py NP O, TN (Pa) N HPHY) N LNy (PHE)

—0
—>HP1ﬂ...ﬂHPaﬂTHlﬂ...ﬂTHﬁﬂM

is étale and 1-1 over the locus of points in Hp, N...NHp, N Ty, N...N Ty, N 7
corresponding to simple intersection and tangency. It has therefore been proved
that, for general linear spaces, the locus of Hp, N...NHp, N Ty, N...N Ty, N 7
corresponding to simple intersection and tangency is nonsingular and of the correct
codimension (if nonempty). It was shown above that, for general linear spaces,
the intersection cycle (14) involves only maps that have simple intersection and
tangency with the P; and the Hy. Since the intersections c;(L£;)% are obtained
from basepoint free linear series on M, the further intersections yield a reduced
intersection cycle (14) by Bertini’s Theorem.

Lemma 3.4.2. Let M be a nonsingular base. Let m : U — M be a smooth map
of relative dimension 1. Let Dy,Ds,...,D; C U be nonsingular, codimension 2
subvarieties such that D; is étale and 1-1 over w(D;). Let X EUL Xy X Us
be the fiber product of copies of U. Let p; : X — U; be the projection. Then

prt DN Np (D) C X
is étale and 1-1 over the intersection m(Dy) N ...Nxw(D;) C M.

Proof. The issue is local on M. Let m € M be in the intersection of the 7(D;).
Choose local defining equations (f;) of m(D;) near m. Let u; € D; be points over
m. Locally (in the analytic topology) at u;, U; is an open set of the trivial product
C; x M and D; is the intersection of (f;) with a section (z;) of this product (z; is



Q-DIVISORS ON KONTSEVICH’S MODULI SPACE M, ,(P",d) 1499

the coordinate on C;). It now follows that local equations for pl_lDl Nn...N pl_lDl
at (u1,...,u) are (z1,..., 21, f1,..., f1) in C; x...C; x M, which is certainly étale
over (fi,...,fi) C M. O

All the characteristic numbers of rational curves in projective space can be al-
gorithmically computed. For example, the number of twisted cubics in P? through
2 points, 6 lines, and tangent to 2 planes can be expressed as

c1(£1)? - er(L2)® - er(L3)? - er(Ls)? - T?

on My g(P3,3) or
Cl(ﬁl)?’ - C1 (52)3 . HG . T2
on M072(P3, 3)

4. EXAMPLES

4.1. Conics in P? and P3. Since the Hilbert schemes of lines and conics are
Grassmanians and projective bundles over Grassmanians, the § = 0 characteristic
numbers of rational curves in degrees 1 and 2 can be calculated directly via inter-
section theory on these Hilbert schemes. The tangency characteristic numbers for
conics classically required the beautiful space of complete conics. MQO(PZ, 2) is the
space of complete conics. A new calculation of the characteristic numbers for plane
conics is obtained by considering the pointed space M 1 (P2, 2).

Let M = My 1(P2,2). Pic(M)®Q is freely generated by H, £1, and the unique
boundary component K corresponding to the partition ({1} U®,1+ 1 = 2). The
top intersection numbers are (dimMg 1(P?,2) = 6):

HS 0 HOK 0 HAK?2 0

HO L, +2 HAK L, +6 H3K2L, +18

HYLT 41 HPKLT 43 H*K2L3 +9
HIK? 0 H2K* 0 HEK?® 0 K6 0
H2K3.L, -10 HEK*L, —30 K°(4 +102
HEK3L? -5 KiL? -15

Note that £3 = 0. The line tangency class 7 = 2(H + K) is determined by Lemma
(2.3.1). The characteristic number of plane conics through « points and tangent to
0 lines is %HO‘Tﬁﬁl:

(1/2) - HPL4 1
(1/2) - HAT Ly 2
(1/2) - H37T?L, 4
(1/2)-H*T3L, 4
(1/2) - HT*Ly 2
(1/2)-T°L, 1

The class of maps tangent to a fixed conic can easily be calculated by the methods of
Lemma (2.3.1). Let C € Pic(M)®Q denote this conic tangency class. C = 3H + K.
The number of plane conics tangent to 5 fixed conics is therefore %0551 = 3264.
For r > 3, Mg o(P", 2) differs from the space of complete conics and the algorithm
described above yields a new computation of the characteristic numbers in these
cases. Let M = Mg o(P3,2). Pic(M)® Q is freely generated by H and the unique
boundary component K corresponding to the degree partition 1+1 = 2. Also, K C
Mo 1(P3,1) x Mo 1(P3,1). Since Mg ;1 (P?,1) has no boundary, all top intersections
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are known. Using the formulas of section (3), the answers for the top intersections
of H and K on M())O(PB, 2) (dimMo_’()(PB, 2) = 8) are:

H3E +92
H'K +140
HOK? +140
HOK3 —100
HAKA —68
H3K?® +172
H2KS —20
HKT —580
K3 +1820

By Lemma (2.3.1), T = 3(H + K). The characteristic number of space conics
through « lines and tangent to 3 planes is H*7 °:

HE 92
H'T 116
HOT? 128
HET3 104
HATH 64
H3T? 32
H2T6 16
HTT 8
78 4

These characteristic numbers (with complete proofs) were known classically.

4.2. Rational Plane Cubics. Let M = Mg o(P?,3). Pic(M)® Q is freely gener-
ated by ‘H and the unique boundary component K corresponds to the degree parti-
tion 142 = 3. The algorithm described above yields the top intersections of H and
K inductively. Since K € Mg 1(P?,1) x Mg, (P?,2), first the top intersections on
these Kontsevich spaces must be computed. M ;(P?, 1) has no boundary, hence all
top products are known. There is a unique boundary component B of M 1 (P?,2),
and B C Mo 2(P?,1) x Mo 1(P?,1). Thus the top products on Mg »(P?,1) must be
computed. Finally, the unique boundary component of M (P2, 1) requires knowl-
edge of the top products on Mg 3(P?,0) and Mg 1(PP?,1), which are known. The
answers for the top intersections of H and K on Mg (P2, 3) (dimMg(P2,3) = 8)
are:

HE +12
H'K +42
HOK? +129
HOK3 +285
HAK? +336
H3K® —(2541/4)
H2KS —(8259/16)
HKT +(19641/8)
K3 —(44835/16)

Note that since K is Q-Cartier, the intersections H’ - K7 need not be integers. By
Lemma (2.3.1), 7 = 2(H + K). The characteristic number of plane cubics through
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« points and tangent to 3 lines is H*7TP:

HE 12
HT-T 36
HE . T2 100
H5 . T3 240
HE T 480
H3 T 712
H?- TS 756
H-T7 600
T8 400

These characteristic numbers have been calculated by H. Zeuthen, S. Maillard, H.
Schubert, G. Sacchiero, S. Kleiman, S. Speiser, and P. Aluffi. ([S], [Sa], [K-S], [A]).
Complete proofs appear in [Sa], [K-S], and [A].

4.3. Twisted Cubics in P3. In case M = M (P3,3), Pic(M) ® Q is still gener-
ated freely by H, K. A similar analysis yields the top intersections (dim (M) = 12):

H'2 +80160
HUK +121440
HIOK? +148920
HOK3 +112080
HE8K* —7824
HTK® —104100
HOKS +35880
HOKT™ +(190095/2)
HAKS® —(222855/2)
H3K? —(674007/16)
H2KY  +(10112745/32)
HK! —(5995065/8)
K12 +(58086435/32)

The hyperplane tangency class is again 7 = 2(H + K). The characteristic number
of twisted cubics through « lines and tangent to 3 planes is H*7T”:

HI2 80160
HUT 134400
HIOT2 209760
HOT3 297280
HETH 375296
HTTS 415360
HOTO 401920
HOTT 343360
HATS 264320
H3TO 188256
H2T10 128160
HTH 85440
T2 56960

These characteristic numbers have been calculated by H. Schubert and others ([S],
[K-S-X]). Complete proofs appear in [K-S-X].
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)®Q is freely

generated by H and the boundary components J, K corresponding to the degree
partitions 2+2=4, 1+3=4. The top intersection numbers are (dimMg o(P?,4)=11):

Hll

MK
HQKQ
HSKS
H7K4
H6K5
H5K6
H4K7
HSKS
HQKQ
HE
Kll

HBJ3

HT 3K
HOJ3K?
HPJPK3
HAJBKY
H3JPK®
H2J3KS
HJI3KT
J3K8

H5J6
HAJSK
H3J6K2
H2JS K3
HJICK*
JGKS
H2J?
HI'K
J9K2

The line tangency class is 7 =

+620

+1620
13564
14052
—8340
—48300
+1260
+153300
—(338620/3)

—(13690660,27)
+(147582380/81)
—(278947820/81)

—364
—1260
—3852
—8836
+4980

+16356
—22060
—46452
+255444

+(2419/8)
—(4743/8)
—(18549/8)
—(3455/8)
+(39075/8)
—(56631/8)

+(4375/8)
+189
~189

HOT
HOJK
HETK?
HIK?
HOJK*
HOJK®
HATKS
H3JK"
H2JK®
HJIK®
JKlO

HT T4
HOJAK
HEJAK?
HATAKS
HEJAKA
H2J*KP
HJILKS
JAKT

HATT
H3J'K
H2J7K2
HJITK?
JTK4

HJO
JYOK

+504
+1512
44536
+10920
+15480
—22296
—22728
+70056
+5880
—385560
41310904

+630
+1782
+3588
—1788
—7830
+7770
+22632
—92232

+(765/2)
+1305
+(1923/2)
~1680
+(1701/2)

—(7875/32)

+0

H9J2
HEJPK
H7J2K2
H6J2K3
H5J2K4
H4J2K5
H3J2K6
H2J2K7
HIK®
J2K9

HOJ5
H>JPK
HYJPK?
HEJPK3
H2IPK*
HJIPK®
JPKS

H3J8
H2IBK
HJIEK?
J8K3

Jll

plane quartics through o points and tangent to 3 lines is H*7T%:

Hll
HOT
H972
HST3
H7T4
HGT5
H5TG
H4T7
H3TS
HQTQ
HlTlO
Tll

620
2184
7200

21776

59424
143040
295544
505320
699216
783584
728160
581904

+0

+0

+672
+4320
+17184
—11040
—34560
+51072
4100800
—616896

—645
—(2385/2)
+906
+(8241/2)
—1815

—(22125/2)

428920

—(5649/8)
—(6615/8)
+(2163/8)
+(2289/8)

+(10143/128)
%H—i— J+ %K . The characteristic number of rational
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The characteristic numbers of rational plane quartics were calculated long ago by
H. Zeuthen in [Z].

4.5. Cuspidal Rational Plane Curves. For d > 1, let N; be the number of
irreducible, nodal rational plane curves passing through 3d — 1 general points in P2.
Ny is a 8 = 0 characteristic number. The numbers Ny satisfy a beautiful recursion
relation ([K-M]):

Ny =1,

o (3d—4\ (3d-4
vdz2 Na= ) NiNjZQJ<j<3i—2)_Z<3z‘—1)>'

i+ji=d, i,j>0
The first few Ng's are:

Ni=1, No=1, N3 =12, Ny = 620, N5 = 87304, Ng = 26312976, ... .

As a final application, the enumerative geometry of cuspidal rational plane curves is
considered. A rational plane curve C'is 1-cuspidal if the singularities of C' consist of
nodes and exactly 1 cusp. For d > 3, let Cy be the number of irreducible, 1-cuspidal
rational plane curves passing through 3d — 2 general points in P2.

Proposition 1. The numbers Cy can be expressed in terms of the Ny:

d—1

3d—3 1 3d — 2

Vd>3, Ca=""Ng + - ( , )NiNd_i(&'?(d—z’)?—2di(d—z’)).
d 2d = \3i-1

The first few Cy’s are:
C3 =24, Cy = 2304, C5 = 435168, Cg = 156153600, ... .

Cj5 is the degree of the locus of cuspidal cubics. Cj; has been computed by H.
Zeuthen ([Z]). The 1-cuspidal numbers Cy are evaluated by intersecting divisors on
Mo, o(P2,d).

Let d > 3. Let Myo(P?,d) be Moo(P?,d) minus the boundary. Let Z C
My o(P?,d) be the subvariety of maps that are not immersions. It is easily seen
that Z is of pure codimension 1 and the generic element of every component corre-
sponds to a 1-cuspidal rational plane curve. Let Z be the Weil divisor obtained by
the closure of Z in M o(PP?,d). By the dimension reduction argument of section
(3.4), the intersection cycle on Mg (P2, d)

(16) ZNH32

determined by general points P, ..., P3g_o is of dimension (at most) 0 and lies in
Z. A simple modification of the corresponding argument in section (3.4) can be
applied to show that (16) is reduced for general choices of P;. Hence Cq = Z H3A2,

The boundary of M o(P?, d) simply consists of the [2] Weil divisors K (1 <
1 < [%]) Recall that K is the boundary component corresponding to the degree
partition 7 4+ (d — i) = d. By Lemmas (1.2.1-1.2.2), the elements {H} U { K"} span
a basis of Pic(Mgo(P?,d)) ® Q.

Lemma 4.5.1. The class of Z in Pic(Moo(P?,d)) ® Q is determined by (d > 3)
(]

3d-3 3i(d —1i) —2d
(17) Z=" H+; y K.
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Proof. Let S, u, S, A\ : C — Mg o(P?,d) be exactly as in the proof of Lemma (2.3.1).
It will be checked that the left and right sides of (17) have the same intersection
with C. As before, a point of the intersection C' - K can arise in two cases. A
simple point of degree i or d — 7 can be blown-up. Let
C- Ki =x; + Yi,

where z; and y; are the number of instances of the first and second case respectively.
Let E;, be the union of the x; exceptional divisors in S obtained from the x; points
of C- K. Let E,, be defined similarly.

First, the intersection C- Z is calculated. Consider i : S — P2; then ii* (Op(1)) is
the element (d, k) — > iEg, — > (d—i)E,,. The differential map yields an injection
of sheaves:

(18) 0 — Tg B (Tp) —» Q — 0.

For general maps 7z, @ is a line bundle supported on a nonsingular curve D. The
restriction of the sequence (18) to D yields an exact sequence of bundles on D:

i _y
(19) 0 — L — Tglp S (Te)lp — Qlp — 0,

where L is a line bundle on D. Finally, there is an exact sequence of bundles on D
obtained from the projection 7: S — C-

(20) 0 -V - Tslp & 7(Tc) -0,
where V is a line bundle on D. Maps in the family 7 have zero differential exactly
at the points of intersection P(V') - P(L) C P(T5|D). Hence
C-Z=PV)-P(L) .

A lengthy, routine exercise in Chern classes and exact sequences now yields

(5] (5]

CZ=(6d—6)k+ Y (—3i%+3i—2)z; + > _(=3(d—i)* +3(d — i) — 2)ys.

i=1 i=1

Algebraic manipulation and the relation
(5] (5]

CH=2dk =Y ix; — Y (d—i)%y,

i=1 i=1
yield the result. O

It remains to compute Z-H3?~2. By Lemma (4.5.1), it suffices to determine the
products K- H34=2. If i # d/2, the result

- 3d—2
K. 3d-2 — <3i - 1>i(d — i)N;Ng_;

is obtained from a simple geometric argument. In case i = d/2, division by 2 is
required to account for symmetry:

a 1(3d—2\ d
K2 - H7% = —( )(—)QNg :
2\34-1/"2" "2

Evaluation of Z - H??=2 yields the formula for Cy. The proof of Proposition (1) is
complete.



Q-DIVISORS ON KONTSEVICH’S MODULI SPACE M, ,(P",d) 1505

REFERENCES

[A]] V. Alexeev, Moduli Spaces Mg n(W) for Surfaces, in Higher-dimensional Complex Vari-
eties (Trento, 1994), de Gruyter, Berlin, 1996, pp. 1-22. CMP 97:16

[A] P. Aluffi, The Enumerative Geometry of Plane Cubics II: Nodal and Cuspidal Cubics,
Math. Ann., 289 (1991), 543-572. MR 92£:14055

[D-1] P. Di Francesco and C. Itzykson, Quantum Intersection Rings, in The Moduli Space of
Curves, R. Dijkgraaf, C. Faber, and G. van der Geer, eds., Birkhduser, 1995, pp. 81-148.
MR 96k:11041a

[FP] W. Fulton and R. Pandharipande, Notes on Quantum Cohomology and Stable Maps,
in Algebraic Geometry—Santa Cruz, 1995, Proc. Sympos. Pure Math., vol. 62, part 2,
Amer. Math. Soc., Provicence, RI, 1997, pp. 45-96. MR 98h:14003

[Ke] S. Keel, Intersection Theory of Moduli Spaces of Stable n-Pointed Curves of Genus 0,
Trans. AMS, 330 (1992), 545-574. MR 92f:14003

K] M. Kontsevich, Enumeration of Rational Curves Via Torus Actions, in The Moduli Space
of Curves, R. Dijkgraaf, C. Faber, and G. van der Geer, eds., Birkhduser, 1995, pp. 335-
368. MR 97d:14077

[K-M] M. Kontsevich and Y. Manin, Gromov- Witten Classes, Quantum Cohomology, and Enu-
merative Geometry, Commun. Math. Phys. 164 (1994) 525-562. MR 95i:14049

[K-S] S. Kleiman, R. Speiser, Enumerative Geometry of Nodal Plane Curves, Algebraic Geom-
etry - Sundance 1986, Lecture Notes in Mathematics 1311, Springer-Verlag: Berlin, 1988,
pp. 156-196. MR 89k:14095

[K-S-X] S. Kleiman, S. Stromme, S. Xambo, Sketch of a Verification of Schubert’s Number
5,819,539,753,680 of Twisted Cubics, in Space Curves (Roca di Papa, 1985), Lecture
Notes in Mathematics 1266, Springer-Verlag: Berlin, 1987, pp. 156-180. MR 88k:14035

[P] R. Pandharipande, The Canonical Class of Mon(P",d) and Enumerative Geometry,
Internat. Math. Res. Notices 1997, no. 4, 173-186. MR 98h:14067

[R-T] Y. Ruan and G. Tian, A Mathematical Theory of Quantum Cohomology, J. Diff. Geom
42 (1995), 259-367. MR 96m:58033

[Sa] G. Saccheiro, Numeri Caratteristici delle Cubishe Piane Nodali, preprint 1985.
[S] H. Schubert, Kalkil der Abzahlenden Geometrie, B. G. Teubner: Leipzig, 1879.
[Z] H. Zeuthen, Almindelige Egenskaber, Danske Videnkabernes Selskabs Skrifter-Natur og

Math, 10 (1873).

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO, CHICAGO, ILLINOIS 60637

Current address: Department of Mathematics, California Institute of Technology, Pasadena,
California 91125

E-mail address: rahulp@cco.caltech.edu



